STRETCHED SKEW SCHUR POLYNOMIALS ARE RECURRENT 



PER ALEXANDERSSON 



Abstract. We show that sequences of skew Schur polynomials obtained from 
stretched semi-standard Young tableaux satisfy a linear recurrence, which we 
give explicitly. Using this, we apply this to finding certain asymptotic behavior 
of these Schur polynomials and present conjectures on minimal recurrences for 
stretched Schur polynomials. 

Keywords: Schur polynomials; tableau insertion; Young tableaux; recur- 
rence; asymptotics 



1. Introduction 

Stretched skew tableaux, i.e. skew semi-standard Young tableaux (SSYTs) of 
shape kfi/ku for positive integers fc, /i, f partitions, appear in many areas. For 
example, they appear naturally when studying Toeplitz matrix minors, see e.g. [1]. 
In an earlier paper [J , we found asymptotics of certain families of minors of banded 
Toeplitz matrices by examining stretched skew tableaux. In this article we gener- 
alize the technique used in [1] to explicitly give linear recurrences that skew Schur 
polynomials obtained from stretched semi-standard Young tableaux satisfy. 

Our results appears to have close connection to systems of linear recurrences 
described in 5 , and this paper suggests that a generalization of some results in [5] 
is possible. 

As an easy consequence of this paper, it follows that the number of SSYTs of 
shape kfjb/ku is a polynomial in k. This is a well-known fact which can be proved 
by elementary methods. However, it might be possible to apply the methods in this 
paper to prove polynomiality of stretched Kostka numbers. This is also known, but 
currently requires application of non-trivial tools of different areas, see [3 [5]. 

As a second consequence, we prove a certain asymptotic behavior of roots of 
stretched skew Schur polynomials, and conjecture the asymptotic behavior of a 
general system of stretched skew Schur polynomials. Asymptotics and root loca- 
tion of Schur polynomials seems to be a rather unexplored topic, except in areas 
where the Schur polynomials have an additional meaning, for example, as minors 
of Toeplitz matrices. 

We use multi- index notation, i.e. x = (xi, . . . x° = x'^^x^'^ ■ • - a;"". The 

length of a vector is considered to be n unless stated otherwise. Let us now formulate 
the main theorem of the paper: 

Theorem 1. Let n be a positive integer and let k. A, /x, v be partitions of length at 
most n such that fJ, ^ v and k^fi — u) I) A — k for some positive integer k. Then, for 
sufficiently large r, the sequence {s(K.+kiJ,)/{x+ki^)i^)}'kLr satisfy a linear recurrence 
with coefficients polynomial in xi,X2, ■■■ ,Xn- A characteristic polynomial for the 

1 



2 



P. ALEXANDERSSON 



recurrence is given by 
(1) 

where T^y^ is the set of semi-standard Young tableaux of shape fi/v with entries 
in 1,2, ... ,n and w(T) is the weight of the tableau T. In particular, if \ = k = % 
we may take r = 0. 

Remark 2. Notice that ^ above does not necessary give the shortest possible 
recurrence in general. In Corr. \15\ below, we give a description of the minimal 
recurrence. In Corr. \16\. we use ([ij for finding certain asymptotics of the Schur 
polynomials in the sequence {s(^^+k^i.)/(x+ku){^)}f=r- 

2. Preliminaries 

For the sake of completeness we define the basic notions in the theory of Young 
tableaux and Schur polynomials. This material can be found in standard reference 
literature such as [8]. 

Definition 3. A partition A = (Ai, . . . , A„) is a finite weakly decreasing sequence 
of non-negative integers; 

Ai > A2 > • • ■ > A„ > 0. 

The parts of a partition are the positive entries and the number of positive parts is 
the length of the partition, denoted /(A). The weight, |A| is the sum of the parts. 

The empty partition is the partition with no parts. The partition (1,1,..., 1) 
with k entries equal to 1 is denoted 1^. We use the standard convention that Ai = 
if z > 1{X). Addition and multiplication with a scalar on partitions is performed 
element wise. 

Definition 4. For partitions A, fi we say that X ^ fJ' if Xi > Hi for all i. This is 
the inclusion order. We also define X > if \\\ — and X^iLi ^ SiLi Mi 
for all k. This is the domination order. 

2.1. Young diagrams and Young tableaux. 

Definition 5. Let \D fi be partitions. A skew Young diagram of shape A//i. 

is an arrangement of "boxes" in the plane with coordinates given by 

{{i,j)eZ^\fi,<j<X,}. 

Here, i is the row coordinate, j is the column coordinate. If ^ ~ 9 we will just refer 
to the shape as A and the diagram is a regular Young diagram. 

There are at least two other ways to draw these diagrams. In this text, the 
English convention is used. Notice that the diagram of shape A'//i,' is the transpose 
of the diagram with shape X/ fJ-. 

In this context, it will be convenient to define the skew part of a skew diagram 
as special boxes with coordinates {{i,j) G Z^|l < j < /i^ < A^}. We will call these 
boxes skew. (In Fig. Ilbl there are for example seven skew boxes and six ordinary 
boxes.) 



x{t)^ n (i-x-(^)) 
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(a) Diagram of shape (5, 4, 2, 2) 

Figure 1 

Definition 6. A semi-standard Young tableai£| (or SSYT) is a Young diagram 
with natural numbers in the boxes, such that each row is weakly increasing and each 
column is strictly increasing. 

We denote by T^^^ the set of SSYTs of shape X/fi with entries in 1,2, ... ,n. 
For an example of an SSYT, see Fig. [21 
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Figure 2. SSYT of shape (5, 4, 3, l)/(3, 2, 2) 
2.2. Schur polynomials. 

Definition 7. Given an SSYT T, with entries in 1,2 ... ,n, we define the weight 
w{T) of T as a vector t = {ti,t2, . . . , tn) given by tk = if{bij G T\bij ~ k}. Thus, 
tk counts the number of boxes containing the number k. 

Definition 8. The skew Schur polynomial is defined as 

\/ fj. 

where x = (xi, . . . , a;„). It can be shown that these polynomials are symmetric in 

3. Proofs 

3.1. Tableau insertion. We now define an operation on pairs of SSYTs: 

Definition 9. Given Ti e T^^_^ and T2 G "^^/u define the tableau insertion 

Ti MT2 as the SSYT obtained by concatenating the boxes row-wise and then sorting 
each row in increasing order, with respect to their content. The skew boxes are 
treated as being less than the ordinary boxes. 

We also use the same notation for the corresponding operation on diagram 
shapes. 

From this definition, it is clear that the product M is commutative and associa- 
tive. It is however not obvious that the result of this operation is an SSYT, so we 
prove this in the following proposition: 
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(b) Diagram of shape (5, 4, 3, l)/(3, 2, 2) 



^Also called column-strict tableau, or reverse piano partition 
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Proposition 10. If Ti e T^J/^ and T2 G T^/^ then T1MT2 e Tf^+^)/(^+^) and 
w{TiMT2) = w{Ti)+w{T2). 

Proof. From the definition, it is evident that the shape of Ti^T2 is {k + fj,)/ (X + u). 
It is also clear that the rows are weakly increasing, by construction. It suffices to 
show that the columns in Ti M T2 are strictly increasing. 

Given an SSYT Ti, we may view its columns Ci, C2, . . . , as individual SSYTs. 
Since the rows are already ordered, it is evident that Ci Kl C2 Kl • • • Cfc — Ti . 
Therefore, Ti Kl T2 = Ci Kl C2 Kl • • • Cfc Kl T2 and it suffices to show that C H T2 is 
an SSYT for a general column C. 

Let C be a column with row entries ti,t2, ■ ■ ■ ,tk where we treat skew boxes in 
row i as having the value n — i. This ensures that ti < t2 < ••• < tk- We use the 
same treatment for the skew boxes in T2. 

It suffices to show that any two boxes in a column in adjacent rows are strictly 
increasing in C Kl T2 . Let us consider rows i and i + 1 in C H T2 . There are three 
cases to consider: 

Case 1: The numbers ti and t^+i are in the same column: 

ai ti 02 • • ■ am 
bi ii+l &2 • • • bm 

Since ti < ti+i, and all the other columns are unchanged, the columns are strictly 
increasing. 

Case 2: The number ti is to the right of t^+i: 

ti fli 02 • • • a„i-l ttm 

bi 62 &3 • • • bm ti+i ■ ■ ■ 

The columns where strictly increasing before the insertion. Therefore, < ai < &i, 
am < bm ^ ti^i and aj < bj < It follows that all the columns are strictly 

increasing. 

Case 3: The number ti to the left of t^+i: 

fli 02 • • • flm-l am ti 
_■ ■ ■ ti+i 61 62 63 ■■■ bm ■■■ 

We have that aj < ti < t^+i < bk for 1 < j, fc < m, since the rows are increasing. 
Thus, it is clear that all the columns are strictly increasing. It is easy to see that 
the result is an SSYT even ii k n. □ 

Remark 11. We observe that M gives a monoi^ structure on the set of SSYTs. 
It is natural to construct the corresponding commutative ring by considering 
formal sums of Young tableaux with entries in 1,2, ... ,n. The operation Kl serves 
as multiplication, and the empty tableau acts as multiplicative identity. 

For tableaux T define the map 4>{T) = x™^"^^ and extend it linearly to formal 
sums. It is evident that (j){Ti^T2) = 4>{Ti)(f){T2) so 4> acts as a ring homomorphism 
from to Zfxi, . . . , x„]. It is therefore natural to consider \w{-)\ as a grading 
on T^. Notice that the ring is finitely generated for each n, a possible set of 
generators being all tableaux of shape X/fJ- with Ai < 1 and 1{X) < n. In other 
words, any tableau can be "factored as a product of columns". The cancellation 
property also hold in T^, namely if Ti^T = T2^T then Ti = T2. 



'Notice: this is not the plactic monoid which is a different type of monoid structure. 
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The following definition and lemmas are needed for proving the existence and to 
determine the constant r in Thm. [T] 

Definition 12. Given two skew shapes fi/v,K/\, we say that fi/u sits inside 

k/X if every column in the diagram of shape fi/u can be found in the diagram of 
shape k/X, counting multiplicities. 



(A) (B) (C) 

Figure 3. Diagram (ja]) do not sit inside any of the other two 
diagram, but (0 sits inside (jcj. 

Lemma 13. For every pair of skew shapes k/X and fi/u there exists an integer 
r > such that fi/i> sits inside (k + rfi)/{X + ru). 

Proof. Notice that we can equivalently prove that for some r > fi/u sits inside 
k/A Kl rfj,/rv. The boxes in k/X "push" the boxes in r^/rv at most ki places to 
the right when performing the tableau insertion. If we choose r > ki, then we will 
have r > Ki copies of each column in ^l/v, and therefore a tableau insertion with 
k/X cannot deform all of them. This concludes the proof. □ 

Lemma 14. Let T G T^^_^. If fj,/iy sits inside k/X then there exists T' € T^^^ 
andr"eT" ,,,, , such that T = T' ^ T" . 

Proof. Since fi/u sits inside k/X, we may find columns Ci, . . . , in k/X such that 
T' = Ci S C2 K • • • S Cfc has shape fi/u. The tableau T' is of the correct shape, 
and deleting corresponding columns in T yields a tableau T" E T"^_^^^^_^_j^^. □ 

We are now ready to give a proof of Thm. [T] 

Proof. We may assume that k I) A since otherwise, choose k such that k{fj, — f) ^ 
X — K and take k' := k + kv and A' := A + /c/x. Then k' C A' and the sequence 

{s(a'+j»/(k'+jV)}j^o is the same as {s(x+]tJ.)/(,^+ju)}f=k- 

Set d :— |T^^^|, which is the degree of the characteristic polynomial x(i). By 
Lemma[T31 we may choose tq such that /x/f sits inside K + ro/x/A + 7'of. Let r > ro 
be arbitrary. It then suffices to prove that the sequence {s{K.+kn)/{x+kv)Yk^ satisfy 
the recurrence given by x(^)- 

Let To- be the set /formal sum of the elements in , / s m,^,,-, ^ s. By 
Lemma [TH it is clear that 

(2) Tj C ^ Tj_i H T 

as multisets, (and equality as sets) for j = . . . ,d. Some tableaux appear mul- 
tiple times on the right-hand side, and these are exactly the tableaux that may be 
decomposed as insertions in (at least) two different ways, namely 
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Define the multisets/formal sums 

Ti,T2.....TjeT^^^ 

IJence, Qj is, as a set, the tableaux in that can be obtained from Td-j by 
inserting j different tableaux from T^y^. 

By using the principle of inclusion/exclusion, we obtain 

(3) Qo K Trf + Qi K Ta-i +Q2^ Td-2 + ■ • • + Qd ^ Tq = 0. 

Application of the ring homomorphism (/) to this expression now yields the desired 
identity. □ 

4. Applications and further development 

4.1. Asymptotics. The following results are corollaries of Theorem [1] 

Corollary 15. The sequence {s(K.+/£(i,)/(A+fei/)(^)}fe°=r satisfy a linear recurrence, 
with a minimal characteristic polynomial of the form Xrn(t) — Yiwewi^ ^ 
where W C is invariant under permutations, i.e. w £ W ^ {'Wai ■ ■ ■ w<jn ) 
for every cr S 6„. 

Proof. Clearly, the roots of Xm {t) must be a subset of the roots of ([T|) . The roots 
of Xm{t) be invariant under permutation of variables, since this holds for the Schur 
polynomials. This implies the invariance on W. □ 

Corollary 16. Let k, A, n, v he partitions satisfying the conditions in Thm.Ul with 
the additional condition that fi ^ u. Set 

Pk{z) = S(K+fe^)/(A+fei.)(2,6, • • • e C,\S,i\ = R for i = 2,Z, . . . ,n. 

Define the limit set of roots A = {z £ C|z = linife^oo z^, Pk{zk) = 0}. Then A is a 
circle with radius R, possibly together with the point at the origin. 

Proof. This follows from Thm. [1] Corr. [15] together with the main theorem in 

m- □ 

Example 17. // A„ = {n,n — 1, ri — 2, . . . , 0), then all roots of Sfcx„ {t, 1") = lie 

on the unit circle, for every n, k. 

The following conjecture is a generalization of Corr. [T6l 

Conjecture 18. Let 1 < j < n and Ki, A^, /.tj, Ui, I < i < j, be partitions satisfying 
the assumptions in Thm. [7J 

Let Xi e C, l^il = R for i = j + 1, . . . ,n and define 

(4) Pl{zi, . . . , Zj) = S^^^+kfj,^y^Xi+ki^i){zi,Z2,---,Zj,^j + i,...,^n)A <i<3- 

Set 

A = {z G C-'lz = hm Zfc,P,i(zfc) = Pli^k) = ■■■= P'M = 0}. 

fc— >-oo 

Then, under some mild non- degeneracy conditions on the partitions, 

'{i^(e'''^e'«^...,e^«0l^l,^2,...,^?J eM} ifj<n, 
^ {i?(e'«i , e''- e^«^ )\R,9ue2, . . . ,9, e R} if j = n. 

where Z is either or the set consisting of the origin. 



(5) A = ZU 
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Remark 19. This is true in a slightly modified special case. Multivariate Chebyshev 
polynomials may be defined as certain polynomials PI: as above, with an appropriate 
change of variables. The support of the orthogonality measure is the image of A, un- 
der the same mapping as the change of variables. See 2\ for the connection between 
multivariate Chebyshev polynomials of the second kind, and Schur polynomials. 

4.2. Kostka coefficients. The recurrence ([T]) is in some cases not the shortest 
possible. For some apphcations, this is not a problem but it is not completely 
satisfying. Below we conjecture the shortest possible recurrence. We need the 
following definitions: 

Definition 20. Given a partition X, we define the monomial symmetric poly- 
nomial nix as 

(6) mA-5]x-, 

w 

where the sum is taken over distinct permutations of A. 

Note that rnkx{xi,X2, ■ . ■ , Xn) — 'nix{x\, X2, ■ ■ ■ , x^) by definition. 

Definition 21. The Kostka coefficient i^T^/^.w is the number of tableaux of shape 
X/ H with weight w. 

It is well-known that i^A//x,w = ^A//i,,w where w is the vector obtained from w 
by rearranging the elements as a partition, in decreasing order. It is evident that 
Kx/^^-w = if |w| 7^ |A| — The Kostka numbers and the monomial symmetric 
polynomials are related by: 

(7) sx/^{x.) = ^ Kx/^^^m^{^), 

w 

where the sum is taken over all partitions w. 

We now give a hands-on application of tableau insertion and Kostka coefficients: 

Proposition 22. //i^A/zx.w > then Kf-x/kii.kw > for any integer k > 0. 

Proof. Let T be a tableau of shape X/ fi with weight w. Then the fc— th power 
TKl • • • KIT is a tableau with shape kX/kfi and weight few, and hence Kkx/kfi.,kw > 
0. ' □ 

Remark 23. In fact, Kx,v, > Kkx.kw > and this is known as Fulton's 
K-saturation conjecture. Its proof is given by j6], which uses the K-hive model 
machinery. 

We now give a conjectural sharper version of Thm[T] 

Conjecture 24. Let k, A, fi, u be partitions of length at most n, such that fi ^ v 
and k{fi u) D k — X for some positive integer k. Set 

Then, for sufficiently large r, the sequence {s(K.+kn)/(x+kv){'^)}k'=r satisfy a linear 
recurrence with the minimal characteristic polynomial 

(8) x{t) = n - ^")- 

In Thm. [TJ it is obvious how to interpret the coefficients in the linear recurrence 
as certain tableaux insertions, mapped under the ring homomorphism (p. However, 
in the conjectures above, it is not even clear if such interpretation exists. 



8 



P. ALEXANDERSSON 



5. Acknowledgement 

The author would hke to thank Prof. B. Shapiro for helpful comments on the 
text. 

References 

[1] p. Alexandersson, Schur polynomials, banded toeplitz matrices and widom's formula, (2012), 
larXiv:1208.5607 

[2] R. J. Beerends, Chebyshev polynomials in several variables and the radial part of the laplace- 
beltrami operator, Transactions of the American Mathematical Society 328 (1991), no. 2, 
779-814. 

[3] S. Beraha, J. Kahane, N. J. Weiss, Limits of zeroes of recursively defined polynomials, Proc. 
Nat. Acad. Sci. 11 (1975), no. 8, 4209. 

[4] D. Bump, P. Diaconis, Toeplitz minors, J. Comb. Theory, Ser. A 97 (2002), no. 2, 252-271. 

[5] Q.-H. Hou, Y.-P. Mu, Recurrent sequences and schur functions. Advances in Applied Mathe- 
matics 31 (2003), no. 1, 150 - 162. 

[6] R. King, C. ToUu, F. Toumazet, Stretched littlewood-richardson coefficients and kostka coeffi- 
cients, (2004), no. 34, 99-112. 

[7] A. N. Kirillov, N. Y. Reshetikhin, The bethe ansatz and the combinatorics of young tableaux. 
Journal of Mathematical Sciences 41 (1988), 925-955, 10.1007/BF01247088. 

[8] I. G. Macdonald, Symmetric functions and hall polynomials, Oxford University Press, 1979. 

Department of Mathematics, Stockholm University, S-10691, Stockholm, Sweden 
E-mail address: perSmath. su. se 



